The possibility of a system driven far from equilibrium to exhibit multicritical phenomena is discussed. As an example, the laser oscillating in two modes is shown to possess bicritical and tetracritical points depending on the strength of the coupling between the two modes. The phase diagrams indicating the regions and the nature of the four possible phases for the two-mode laser model are presented. The exponents and the scaling characteristics near the bicritical and tetracritical points are also discussed.
I. INTRODUCTION
Recently it has been recognized that a large class of systems in a variety of disciplines such as physics, chemistry, biology, etc. , exhibit transitions from certain disordered to ordered states which are strikingly similar to the usual phase transitions in equilibrium physical systems. The remarkable analogy between the phase-transition behavior of these "nonequilibrium" systems and systems in thermodynamic equilibrium has led to considerable activity in a new field of research named synergetics. ' In synergetics, certain suitably defined control or pump parameters play the role of temperature or pressure in a thermodynamic system. As the control parameters are altered from one set of values to another, the system may undergo certain phase transitions and it may be possible to study the critical properties of the system near such transition points.
In addition to myriads of examples in other disciplines, ' in physics itself, phase transitions in several far-from-equilibrium systems have been investigated in detail. Examples are single-mode lasers, ' various types of bistable systems (e.g. , optical bistability, bistable behavior of Josephson junctions ), optical absorption by high-density excitons, nonequilibrium superconductivity, ' etc. In each case the "macroscopic" state of the system may be characterized in terms of certain appropriately defined order parameters which appear in a generalized potential or a "free-energy" expansion. The latter has a structure similar to that in the usual Landau theory of phase transitions, and one has generally seen either a phase transition of first order or second order.
Recently however in an interesting paper" on a ' which is absent in the ordinary single-mode laser and which is essential for the occurrence of a tricritical point.
On the other hand, one believes on very general grounds that a system described by two or more coupled-order parameters should exhibit complex critical phenomena of higher order. ' (f (t)f, (t')) =25;,5(t t') .
-(2.3)
The probability distribution of e& and e2 can be calculated either from (2.1) and (2.2) or from the corresponding Fokker-Planck equation. The steady-state distribution turns out to be P"(e"e, )~exp( -e), (2.4) where the generalized potential or the free-energy function 4 has the structure B4 BE) BE (Fig. 4) Fig. 1 ), which is another instance of a multicritical point and is known as the tetracritical point (borrowing again the terminology of Fisher and Nelson' ). The significant feature of the tetracritical point is that, at T, the pump parameters conspire in such a manner as to make the four distinct phases identical. Imagining the field variable a & to play the role of temperature of an equilibrium system, we may identify a as the "heat-capacity" exponent, 6's the exponents associated with the ordering fields, and P the so-called "crossover " exponent associated with the switching of the behavior from secondorder-like to first-order-like at the bicritical point B (Fig. 3) . For the two-mode laser model the exponents, of course, have their classical values a=0, 3 hi --h2 ---, , and i)) = 1. These can be readily deduced by expressing the free energy (3.1) in the structure of (3.6) with the aid of (3.4) and (3.5).
Regarding the other exponents, if one approaches either the tetracritical point T in Fig. 1 or the bicritical point B in Fig. 3 along a It is clear that the discontinuity in A2 across the first-order line a& --a2 (Fig. 3) [cf. Ref. 19] . In that case, there is the possibility of the occurence of "symmetrical" multicritial points, e.g. , the bicritical and tetracritical points. The latter have also been widely studied in equilibrium physical systems, both from classical as well as renormalization group theories. ' The question therefore naturally arises: Is there a situation in the laser also wherein one may observe multicriticality?
The present work provides an answer to this query. We should conclude by remarking that the laser system has the advantage that spatial fluctuations in the order parameters are negligibly small and hence simpler classical theories (as discussed here) would seem adequate for the description of phase transitions. It would be interesting therefore to test the predictions with regard to exponents and scaling behavior as made in this paper.
